Magnetic field effects on radical pair reactions arise due to the interplay of coherent electron spin dynamics and spin relaxation effects, a rigorous treatment of which requires the solution of the Liouville-von Neumann equation. However, it is often found that simple incoherent kinetic models of the radical pair singlet-triplet intersystem crossing provide an acceptable description of experimental measurements. In this paper we outline the theoretical basis for this incoherent kinetic description, elucidating its connection to exact quantum mechanics. We show in particular how the finite lifetime of the radical pair spin states, as well as any additional spin-state dephasing, leads to incoherent intersystem crossing. We arrive at simple expressions for the radical pair spin state interconversion rates to which the functional form proposed recently by Steiner et al. [J. Phys. Chem. C 122, 11701 (2018)] can be regarded as an approximation. We also test the kinetic master equation against exact quantum dynamical simulations for a model radical pair and for a series of PTZ
I. INTRODUCTION
Weak magnetic interactions in radical pairs can give rise to extremely large effects on their reactions.
1, 2 In particular, applied magnetic fields can have significant effects on the extent of intersystem crossing between singlet and triplet states in radical pairs. These effects are usually described using models that include quantum coherences between spin states, based on the Liouville-von Neumann equation for the spin density operatorρ(t). The action of the effective spin HamiltonianĤ onρ(t) gives rise to coherent evolution of spins in the radical pair, as depicted in Fig. 1 (A) . However, experiments which probe radical pair survival probabilities and the quantum yields of spin state selective recombination reactions are often interpreted using simple incoherent kinetic models for the interconversion of radical pair spin states, as depicted in Fig. 1 (B) . [3] [4] [5] [6] [7] [8] One particular model proposed recently by Steiner et al. employs the following functional form for the spin state interconversion rates, [5] [6] [7] k nm = k hfc 1 + ( n − m ) 2 /γ 2 hfc
in which k hfc , k rel , k 0 , γ hfc and γ rel are free parameters and n is the energy of the coupled electronic spin state |n = |S , |T + , |T 0 , or |T − in the absence of hyperfine interactions. 9 Here the first term represents the isotropic hyperfine contribution to the interconversion and the second represents the spin relaxation contribution. This ansatz has been used successfully to interpret the magnetic field effects on radical pair survival probabilities in several sets of experiments. [5] [6] [7] A similar expression for the hyperfine mediated intersystem crossing rate has previously been arrived at by applying the steady-state approximation to the coherences in a simple two-state model of the radical pair spin states. [10] [11] [12] [13] At a glance, the coherent quantum dynamics approach and the kinetic approach appear to be fundamentally different. But a) Electronic mail: thomas.fay@chem.ox.ac.uk in this paper we shall show how the kinetic model can in fact be derived as an approximation to the exact quantum spin dynamics. In particular, we shall show that expressions for the spin-state interconversion rate constants very similar to those in Eq.
(1) can be obtained straightforwardly from a perturbative approximation to the solution of an appropriate NakajimaZwanzig equation.
II. THEORY

A. Radical pair spin dynamics
The radical pair state is described by its density operatorρ(t), which evolves according to the quantum master equation [14] [15] [16] 
T ,ρ(t) − Dρ(t), (2) in which k 
in whichP n = |n n|. Here k
mn is the additional dephasing rate for the n, m coherence, which arises from fluctuations in the electron spin coupling as a result of nuclear motion 17 or strong diabatic coupling between the radical pair and product states. 16 The HamiltonianĤ in Eq. (2) can be split into reference partĤ 0 and a perturbationV. We will take the reference part to include the average Zeeman interaction and scalar electron spin coupling, and the perturbation to include the isotropic nuclear hyperfine couplings and the difference between the Zeeman interactions of the two radicals,
HereŜ i is the unitless electron spin operator for radical i,Î ik is the nuclear spin operator for nucleus k on radical i, a ik is the isotropic hyperfine coupling constant for this nucleus, B is the applied magnetic field strength, µ B is the Bohr magneton, g i is the isotropic g-factor for radical i, and J is the scalar coupling constant for the electron spins.
1
Using these definitions, we can split the full Liouvillian L, defined by Eq. (2), into a reference part L 0 and a perturbation L V . The perturbation is taken to only include the action of V in Liouville space, L V = −(i/ )[V, ·], and the reference is taken to be the remainder of the Liouvillian, L 0 = L − L V , including reaction and dephasing terms in Eq. (2) . From the definition of |n given in Section I, it is straightforward to show that |n m| is Liouville-space eigenvector of L 0 with eigenvalue λ nm = −i( n − m ) − γ nm . n is the eigenvalue of H 0 / associated with |n and γ nm is the total decay rate of |n m|,
nm , which arises from the reaction and dephasing terms in Eq. (2) (here k r n is the reaction rate of state |n , either k r S or k r T ). The initial radical pair spin density matrix for radical pair reactions can usually be written as a sum of electronic spin state projection operators,
where p n (0) is the initial probability of finding the radical pair in state n and Z is the dimensionality of the nuclear spin Hilbert space,
B. The kinetic master equation
The Nakajima-Zwanzig equation is an exact quantum master equation for the projected density operator Pρ(t), 18, 19 
The kernel K(t) is given by,
in which Q = 1−P and it has been assumed that Pρ(0) =ρ(0) and P L 0 = L 0 P. This can be used to obtain a master equation for the populations by defining the projection operator as
and then an exact equation for the populations can be obtained by taking the trace of this projected onto each of the spin states, p n (t) = Tr P n Pρ(t) ,
where the rate kernels are given by κ nm (t) = Tr P n L V Qe QLt QL VPm . The decay time of κ nm (t) dictates the time-scale on which short-time coherent oscillations decay. If the kernels decay on a time-scale faster than the dynamics of p n (t), we can make the incoherent rate approximation to obtain the Markovian kinetic master equation (KME), 16, 20 
in which the rate constants k nm are given by k nm = ∞ 0 dt κ nm (t). For time-integrated properties such as the singlet quantum yield, Φ S = k r S ∞ 0 p S (t) dt, the KME is exact, 16 as can be seen by comparing the Laplace transforms of Eqs. (10) and (11) . However, in order to derive explicit expressions for the rate constants k nm , we shall now treatV as a perturbation. The rate constants can be evaluated to second order inV by approximating the rate kernels as κ nm (t) ≈ Tr P n L V Qe QL 0 t QL VPm . This approximation yields a second order kinetic master equation (KME2) which rigorously gives integrated and long-time properties accurate to second order in the perturbation. From this we can also obtain a criterion of the validity of the kinetic description.
C. Intersystem crossing rate constants
We can obtain the rate constants k nm by integrating the second order rate kernels. Noting that e QL 0 t = P + Qe L 0 t , the second order approximation to κ nm (t) for n m is
and κ nn (t) = − m n κ mn (t). In order to evaluate the kernels, we need the following matrix elements ofV, n|V|m The kinetic master equation rate constants satisfy k nm = k mn and they can be split into the sum of a hyperfine contribution k 
where
The generalisation of the master equation to include electron spin relaxation arising from rotational diffusion is straightforward. Here we shall simply state the additional contributions to the singlet-triplet interconversion rates for a radical pair undergoing isotropic rotational diffusion, and leave the details of the derivation to the Supplementary Material. The final expression for the relaxation-induced spin-state interconversion rates is
where τ R is the isotropic rotational correlation time,
ik,m | 2 I ik (I ik + 1)/ 2 , and A
ik,m is the m th rank 2 spherical tensor component of the hyperfine coupling for nuclear spin k on radical i. 22 Analogous expressions for relaxation induced by rotational modulation of g-tensor anisotropy are given in the Supplementary Material, including the effect of anisotropic rotational diffusion.
Eqs. (14) to (16) are clearly very closely related to the ansatz proposed by Steiner et al. 7 [Eq.
(1)]. However, they have been derived here directly from the quantum mechanical description of the radical pair spin dynamics, and they do not involve any free parameters. One significant difference between our equations and Eq. (1) is that our width parameters γ nm depend explicitly on the spin states n and m that are interconverting.
From the theory outlined above, we can find criteria for the validty of the Markovian and perturbative approximations. The second order perturbative appoximation will be valid when the time-scales of the unperturbed dynamics are shorter than that of the perturbed dynamics, i.e. for the isotropic hyperfine interactions when (ω 
2 , and for the anisotropic hyperfine interactions when (|ω (2) 
where n m. The Markovian approximation will be valid when the decay time of the kernels is shorter than the time-scale of the population dynamics. This means that the Markovian approximation will be valid for the isotropic interactions when k (hfc/∆g) nm < γ nm and for the anisotropic interactions when k (hf−aniso) nm < γ nm +1/τ R . These criteria for Markovianity are the same as the criteria for the validity of second order perturbation theory. Higher order truncations of the kernel in Eq. (7) and approximate resummations of these higher order terms could in principle be used to obtain master equations valid beyond the perturbative limit, 16, 20 however the resulting rate constants would have a significantly more complex functional form than that proposed by Steiner et al. [Eq. (1)].
III. EXAMPLE SYSTEMS
In order to evaluate the accuracy of the perturbative master equation, and in particular to demonstrate where the approximations we have made in deriving it are not applicable, 
FIG. 4. Simulated magnetic field effects for a series of PTZ
•+ -Ph n -PDI
•− molecular wires. The n=2 and n=3 panels show relative triplet yields and the n=4 and n=5 panels show relative survival probabilities of the radical pair at t = 55 ns. The experimental data to which the quantum simulations were originally fitted are also include for comparison. 23 The QM and KME2 simulations used identical parameters, including the same background correction for the n=2 and n=3 data (see Ref. 24 for more details). The KME2 (fit) results were produced by refitting the model parameters.
we will now present calculations for two example systems for which exact quantum mechanical simulations can be performed for comparison, using either the stochastic Liouville equation 21 or spin coherent state sampling.
24,25
A. A single proton radical pair
As a first example, which includes the effects of electronspin relaxation, we have simulated the population dynamics for a radical pair undergoing isotropic rotational diffusion, with one radical coupled anisotropically to a single proton. Fig. 2 shows the singlet, triplet and total survival probabilities for this radical pair with rotational correlation times of 1 ps and 1 ns. In this example a = B = (−4/3)J = 1.76 × 10 2 k r S /γ e = 8.8 × 10 2 k r T /γ e , so this is in a regime where the hyperfine coupling is of comparable strength to the electron spin coupling. Furthermore, in the case of only one hyperfine coupled proton, coherence effects will be highly pronounced. 26, 27 As the rotational correlation time decreases from 1 ns to 1 ps, it can be seen that the master equation becomes less accurate. When τ R is small, the second order kinetic master equation obviously fails to capture the coherent oscillations between the singlet and triplet states at short times. However, for longer times, and when relaxation plays a significant role, as in the τ R = 1 ns case, KME2 is very accurate. In this case it can be seen that coherent oscillations decay after t ≈ 0.5 µs ≈ 1/γ ST m , which is the decay time of the singlet-triplet rate kernels.
In Fig. 3 we examine the accuracy of KME2 for the triplet quantum yield of this one proton radical pair, as a function of the rotational correlation time. When the hyperfine coupling is weak, A xx = A yy = 0.05 mT and A zz = 0.2 mT (Fig. 3 , left panel), KME2 is very accurate up to long correlation times, τ R > 10 ns. For stronger hyperfine coupling, A xx = A yy = 0.5 mT and A zz = 2 mT (Fig. 3, right panel) , the perturbative approximation to the hyperfine coupling breaks down, and when relaxation does not contribute to the radical pair intersystem crossing (τ R < 1 ps) the KME2 results no longer agree quantitatively with the exact results. This breakdown arises because the perturbation strength, ω 1,hyp / 1/2 ≈ 0.5 mT, consistent with the above discussion. The second order master equation nevertheless remains accurate when relaxation dominates (for 1 ps < τ R < 100 ns), in spite of the strong hyperfine coupling.
B. Para-phenylene molecular wires
As a second example, we have simulated magnetic field effects on the recombination reactions of a homologous series of charge-separated PTZ
•+ -Ph n -PDI •− molecular wires. 23 We have previously studied this series using exact quantum mechanical simulations, as described in Ref. 24 , and here we use the same model and parameters for the radical pair spin dynamics. In this model no relaxation contributions are present, so one would expect the Markovian and weak-coupling approximations to be less accurate. From n=2 to n=5, the total scalar electron spin coupling decreases from |2J| = 170 mT to |2J| = 1.75 mT, which is comparable to the perturbation strength, [(ω 2 1,hyp + ω 2 2,hyp )/6] 1/2 ≈ 0.41 mT, and so treating the hyperfine interactions to lowest order in perturbation theory breaks down along the series, as can be seen from the results in Fig. 4 . The largest deviations occur when there is a near degeneracy between the S and T − states at B = 2J, where the perturbative approximation is least valid, and in the n=5 case where the low field effect 28 contributes significantly to the magnetic field effect on the radical pair survival probability. 24 Despite this the errors in the KME2 results are still relatively small for the n=2-4 radical pairs.
For the n=3-5 molecular wires we have used the kinetic master equation to fit the experimental data using the same free parameters as in the quantum simulations described in Ref. 24 . These fits are also shown in Fig. 4 . In the n=3 and n=4 cases the data can be fit well with KME2, with parameters differing from the QM parameters by < 20% for n=3 and < 50% for n=4. However, for the n=5 molecule, we were unable to find k r S , k r T and J parameters for which the KME2 approximation gave a good fit to the experimental data. This is because of the importance of the low magnetic field effect in this case, and the value small of |2J|. Under these circumstances the KME2 is clearly inadequate, and the only reliable way we know of to fit the experimental data is to resort to a coherent quantum mechanical calculation of the type described in Ref. 24 .
IV. CONCLUDING REMARKS
In this paper, we have shown how the incoherent kinetic description of radical pair intersystem crossing can be derived from quantum dynamics. A perturbative approximation to the nuclear hyperfine coupling in the exact Nakajima-Zwanzig equation leads to a second order kinetic master equation for the electronic spin state populations. It is seen that the finite lifetime of the radical pair spin states, as well as any additional dephasing, drives the transition to incoherent kinetic behaviour. The KME2 is accurate in the long-time limit and exact for time integrated properties exactly to lowest order in the hyperfine interactions and in the difference between the radical g-tensors. Tests on model systems have shown that the simple kinetic equations are remarkably accurate when the singlet-triplet coherence time is short, or when relaxation processes dominate, and when the hyperfine interaction is relatively weak compared to other spin interactions. However, the second order kinetic description obviously has some shortcomings. For example, it fails to capture the decrease in the S to T 0 interconversion rate at low applied magnetic field strengths, 28 as demonstrated by the failure of KME2 to quantitatively capture the magnetic field effect on the survival probability of the PTZ
•+ -Ph 5 -PDI •− radical pair. There are however many situations in which the approximation works well (see Figs. 2-4) , and so we expect that the theory developed here will prove useful in the interpretation of many future experiments on radical pair reactions.
SUPPLEMENTARY MATERIAL
In the Supplementary Material we outline the derivation of the rotational diffusion contributions to the spin-state interconversion rates from the Nakajima-Zwanzig equation, including the effects of anisotropic rotational diffusion and gtensor anisotropy, and give all of the parameters used in the PTZ
•+ -Ph n -PDI •− spin dynamics simulations.
